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LARGE-TIME BEHAVIOR OF SOLUTIONS 
TO A SCALAR CONSERVATION LAW 

IN SEVERAL SPACE DIMENSIONS 

PATRICIA BAUMAN 1 AND DANIEL PHILLIPS2 

ABSTRACT. We consider solutions of the Cauchy problem in R~+1 for the 
equation Ut + div", f(u) = O. The initial data is assumed to be a compact 
perturbation of a function of the form, <p(x) = a for (x, J.I,) > 0, <p(x) = b for 
(x, J.I,) < 0, where a and b are constants and J.I, is a given unit vector. The 
Cauchy problem together with an entropy condition on u is known to be well 
posed. The solution with unperturbed initial data, <p(x), is a traveling shock, 
<p(x-kt), provided that <p(x-kt) satisfies the entropy condition (an inequality 
on a, b, J.I" and f). Assuming this type of condition on <p, we study the large-
time behavior of u. In particular, we show that u converges to a traveling 
shock whose profile agrees with (x, J.I,) = 0 outside of a compact set. 

Introduction. In 1958 A. M. Hin and O. A. Oleinik [4] studied the large-time 
stability of a shock solution to a single conservation law. They considered the 
Cauchy problem 

(0.1) 

(0.2) 
where Uo is bounded, 

au a 
at + axf(u) =0 fort>O, xER, 

u(O, x) = uo(x) for x E R, 

uo(x) = a· XR+ (x) + b· XR- (x) == 1/>(x) 
for Ixl sufficiently large, 
(0.3) a < b and !" > O. 
Solutions of the Cauchy problem are unique among those which satisfy an entropy 
condition (see (E) in §1). The structure assumptions, (0.3), ensure that 1/>(x-kt) is 
a solution of (0.1) and satisfies the entropy condition when k = (f(b) - f(a))/(b-a). 
Hin and Oleinik used the viscosity method to show that for all t sufficiently large, 
u(t, x) = 1/>(xo + x - kt) for some Xo E R. Thus if the initial data is a compact 
perturbation of 1/>, the solution evolves after finite time into the traveling shock 
solution, 1/>(xo+x-kt). We remark that the same result was proved by C. Dafermos 
[2] and T. P. Liu [7] using the notion of generalized characteristic curves. 

In this paper we investigate the n-dimensional analog of this problem: 
(0.4) au/at + div f(u) = 0 for t > 0, x ERn, 
(0.5) u(O, x) = uo(x) for x E R n 
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where f E CI(R; Rn) and n ~ 1. We assume that Uo E Loo(Rn) and Uo = r.p for 
Ixl ~ RI > 0, where 

(x) = {a for (x,p,) > 0, 
r.p b for (x, p,) < 0 

for some unit vector p, E Rn and a < b. We define a solution of (0.4) to be a distri-
bution solution in C([O, 00); Ltoc(Rn)) which satisfies Vol/pert's entropy condition, 
(E). (See §1.) 

If k = [f(b) - f(a)J1(b - a), it follows from (E) that r.p(x - kt) is a solution of 
(0.4) if and only if (j(c),p,) ::; 0 for a::; c ::; b where j(c) == f(c) - f(a) - (c - a)k. 
We assume throughout the paper that r.p is nondegenerate, i.e., the above entropy 
condition holds in the following strict sense: there exists a constant () > 0 such that 

(0.6) (p"j(c))::; -()(b- c)(c - a) for a::; c::; b. 

We summarize our results as follows. In §§1 and 2 we show that there are bounds 
ml < a and m2 > b (determined explicitly by j) so that if 

(0.7) ml<essinfuo and m2>esssupuo, 

then after a finite time, a ::; u(t, x) ::; b. Moreover, there is a set M c Rn and a 
constant R2 > 0 such that if 

v(x) = b· XM(X) + a· XRn-M(X), 

then 
u(t, x) - v(x - kt) ---t 0 in LI(Rn) as t ---t 00 

and 
M n {x: Ixl > R2} = {x: (x,p,) < 0, Ixl > R2}. 

Our investigation shows that the large-time behavior of u can be described more 
definitely and that it depends on d == dimension (span {j(c): a::; c ::; b}). In §3 we 
study the case d = n and prove the following results .. Here the initial data is called 
admissible if it satisfies (0.7) and Uo = r.p for Ixl ~ RI > O. 

THEOREM 3.2. If Uo is admissible and d = n, then M is a Lipschitz domain. 
More prec'isely, there is a set of coordinates (YI,"" Yn) = (y, Yn) obtained by a 
rotation and a constant, C, (both depending only on j) so that M = {(y, Yn): Yn < 
g(Y)} where g is Lipschitz continuous and IIVglloo ::; C.3 

We prove the following stability estimate for the shock front, g. 

THEOREM 3.3. Suppose UI and U2 are admissible initial data and d = n. Let 
gl and g2 be the end state shock fronts. Then 

sup IgI(Y) - g2(y)1 ::; C(j) . (f lUI _ U2IdX) lin 
yERn-l JRn 

Using the above estimate, we show that in finite time, u is equal to the traveling 
shock, v(x - kt), outside an arbitrarily small neighborhood of the shock front. 

3For n = 1, g should be replaced by a constant, Xo, and M = {x: x < xo}. 
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THEOREM 3. 12. Suppose d = nand Uo is admissible and piecewise continuous. 
(See 3.5.) If e > 0 there exists Te > 0 such that u(t, x) = vex - kt) for t ~ Te and 
dist(x - kt, aM) > e. 

In §4 we study the case d < n and show that it reduces to the case described 
above. Without loss of generality we assume that V == span{f(c): a ~ c ~ b} = 
Rd X {O}; the projection of J.t on V is nontrivial; and its unit-length normalization, 
(J.t', 0), satisfies 

((J.t', 0), iCc)) ~ -O(b - c)(c - a) for a ~ c ~ b. 
(This holds after an appropriate change of coordinates.) 

The problem, (0.4) and (0.5), can then be interpreted (after a finite time) as a 
parametrized set of problems in d space dimensions. To describe this in more detail, 
let us denote (Xl. ... , xn ) by (x', x") with x' E Rd and x" ERn-d. We prove 

LEMMA 4. 1. Suppose Uo is admissible and d < n. Under the above hypotheses 
on i, there exists T > 0 (explicitly computable from i) so that if t ~ T, 

u(t, x) = u(t, x' - k't; x" - kilt). 

Here u(t, x'; x") is defined for a.e. x" E Rn-d as the solution of the problem 

au ~ a (i(-)) , , Rd -a + Lot -a . Ji u = 0 Jor t ~ T; x E , 
t i=l x, 

u(T, x'; x") = u{T, x' + k'T, x" + kilT). 
The function u{T, x' + k'T, x" + kilT) for fixed x" E Rn-d is admissible relative to 
a nondegenerate shock defined through J.t'. 

From our results for the case d = n, we have 

THEOREM 4.6. Suppose Uo is admissible, piecewise continuous, and d < n. 
For all e > 0 and a.e. Z" E Rn-d there exists T = T{e, Zll) > 0 and a Lipschitz 
domain, M{z"), in Rd such that XM(Z',Z") = XM(zll) (z') and if x" - kilt = Zll, 

u{t,x',x") = v{t,x' - k't, x" - kilt) 
= b· XM(zll) {x' - k't) + a· XRLM(zll) {x' - k't) 

for t ~ T and dist{x' - k't, aM(zll)) ~ e. 

Solutions of (0.4) and (0.5) when n = 2 and Uo is constant in each of the four 
quadrants were studied by D. Wagner in [9]. He assumed that f = (It, h) with 
g, f!f > 0 and It sufficiently close to h. Under these assumptions he constructed 
the solution and analyzed its qualitative properties. Further study of this problem 
was done by W. B. Lindquist [6] assuming that It = 12 and It has at most two 
inflection points. 

In [1] E. Conway studied the large-time behavior of solutions of (0.4) and (0.5) 
in n space dimensions assuming that Uo has compact support and f is convex in 
some direction. He proved decay estimates on the LOO-norm of such solutions. 

As far as we know, all previous studies of the large-time behavior of u assumed 
some type of convexity condition on f. Our primary assumption is (0.6). In par-
ticular, our results are new even for the case n = 1. 
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1. Super and subentropy solutions. In this section we define a notion of 
super and subentropy solutions of a conservation law. A technique used throughout 
the paper is the explicit construction of such functions to obtain estimates on u( t, x) 
for large time. 

First, let us recall some results proved by Vol/pert in [8J. Suppose u E BV(R+.+1 ) 

nLoo (R+'+!). Then Vol/pert showed that with the exception of a set of Hn-measure 
zero every (t, x) in Rn+! is a regular point of u. This means that there is a unit 
vector, v, in Rn+! and numbers lvu(t, x) and Lvu(t, x) such that for each € > 0 
lim IHr, y) E Br(t, x): lu(r, y) -l±vu(t, x)1 > € and ((r - t, Y - x), ±v) 2: O}I = o. 
r-+O IBr(t,x)1 
(Here lEI denotes the Lebesgue measure of a set, E.) We denote the set of regular 
points where lvu(t, x) =I Lvu(t, x) as the set of approximate jump points, r(u). 
We remark that up to a multiple of ±1, v is unique for (t, x) E r(u) and is called 
a normal to r(u) at (t, x). We adopt the convention that u+ = lvu(t, x), u- = 
Lvu(t, x), and v is chosen so that u+ ::; u_. If g(t) is a continuously differentiable 
function, Vol/pert proved that g(u(t,x)) E BV(R+.+1 ) and V'g(u) = g(u)· V'u as a 
Borel measure, where for each regular point, (t, x), 

{ 
g(u+) - g(u-) . 

g(u) = u+-u- If (t,x) Er(u), 
g/(u(t,x)) if (t,x) ~ r(u), 

and u(t, x) = limr-+o fBr(t,x) u( r, y)dr dy, the Lebesgue limit of u at (t, x). (This is 
well defined Hn-almost everywhere.) 

Vol/pert proved that solutions of (0.4) and (0.5) are unique among those which 
satisfy an entropy condition. More precisely, suppose uo E BV(Rn) n Loo(Rn). 
Let A(u) = (u,J(u)) and define S: R2 ~ Rn+! by 

S(u, v) = (A(u) - A(v)) . sign(u - v). 
Then there is a unique function u E BV (R+.+1 ) satisfying 
(1.1) au/at + div f(u) = div A(u) = 0, 
(1.2) lim u(t, x) = uo(x) for Ln-a.e. x 

t-+O+ 
and the entropy condition: 
(E) div S(u, c) ::; 0 for all c ERas a distribution on R+.+!. 

When u E BV(R+'+!) n LOO(R+.+!) and u satisfies (1.1), the entropy condition, 
(E), is equivalent to 

(E/) (S(u+,c),v)::; (S(u-,c),v) for all c E Rand Hn-almost every 
point in the jump set, r(u). 

In addition, Vol/pert proved that if Uo E BV(Rn) n Loo(Rn), then 
(i) u(t,x) E C([O, 00); Ltoc (Rn)) , 
(ii) lui::; Iluolloo, 
(iii) For any two solutions, u and w, of (1.1) which satisfy (E) and such that 

u, wE LOO(R+'+!) n C([O, 00); Ltoc(Rn)) and lui, Iwl ::; m < 00, we have 

(1.3) f lu(t, x) - w(t, x)ldx::; f lu(x,O) - w(x, O)ldx 
lBr 1 Br+!t 

where I = (L~l(maxlul~m I f[(u)l) 2) 1/2. 
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If Uo E Loo(Rn), Vol/pert showed that there is a distribution solution of (1.1) 
and (1.2) in the class C([O, 00); Ltoc(Rn)) which satisfies (E) and also satisfies (ii) 
and (iii). Kruzkov proved that it is unique in a broader class [5]. 

As stated in the introduction, we define a solution of (1.1) to be a function, u, 
in C([O, 00); Ltoc(Rn)) which satisfies (1.1) in the sense of distributions and also 
satisfies the entropy condition (E). 

We define super and subentropy solutions as follows: 
DEFINITION 1.4. Suppose 

Then u is a super (sub) solution of (1.1) if 

(1) div A(u) == ([A(u+) - A(u-)], v)d}lnlr(u) + (ut + t JI{u) . U Xi ) I 
t=l r(u)c 

;::: 0 (:s: 0). 
(2) For }In-a.e. (t,x) E r(u), 

(A(u+), v) ;::: (A(c), v) for u+ :s: c :s: u-
(SUb: (A(u-),v) ;::: (A(c), v) for u+ :s: c:s: u-). 

The inequalities in condition (2) are splitting of the entropy condition into two 
inequalities. 

The following lemma will be used to prove a maximum principle for super and 
subsolutions. We use the notation (T+(z) = XR+(Z), (T-(z) = -XR-(Z), and 
S±(u, v) = [A(u) - A(v)]· (T±(u - v). 

LEMMA 1.5. Suppose u E BV(R++ 1 )nLOO(R++1)nC([0, 00); Ltoc(Rn)). Then 
u is a supersolution iff div S- (u, c) :s: 0 Jor all c E R; u is a subsolution iff 
div S+(u, c) :s: 0 for all c E R. 

PROOF. Let AS-(u,c) = [S-(u+,c) - S-(u-,c)] in r(u). Then from the 
calculus of BV functions [8, §15] we have 

div S-(u, c) = (T-(u - c) . div A(u)lr(u)c + (AS-(u, c), v)d}lnlr(u). 

Note first that (AS-(u,c),v):S: 0 a.e. on r(u) for c E R iff (A(c),v):S: (A(u+),v) 
for u+ :s: C:S: u- a.e. on r(u). Second, if we choose c > Ilulloo , then (T-(u-c) ==-1. 
Thus 

(T-(u - c) . div A(u)lr(u)c :s: 0 for all c E R 

is equivalent to div A(u) ;::: 0 in r(uy. This shows that div S-(u, c) :s: 0 iff u is a 
supersolution. The result for subsolutions is proved similarly. 

THEOREM 1.6. Suppose u is a supersolution and v is a subsolution. Let 
m = sup{max{lu(t, x)l, Iv(t, x)I}: x E R n, 0 :s: t :s: T} 

and 

( 
n 2) 1/2 

I = ~ C~~lfI{u)l) 
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Then divS-(u,v) = divS+(v,u):::; ° and for 0:::; t:::; T < 00, 

! max{O, v - u}(t, x) dx:::; f max{O, v - u}(O, x) dx. 
Br 1 Br+l. 

PROOF. We have from [8, §15] that 

div S-(u, v) = a-(u - v) . div[A(u) - A(v)]lr(u-v)C + (~S-(u, v), v)djlnlr(u_v) 

where ~S-(u, v) = S-(lvu, lvv) - S-(l-vu, Lvv) and v is the normal to f(u - v). 
The first term is a non positive measure. As for the second term, it follows from 
Lemma 1.5 that for any c 

(1) (S-(lvu,c),v):::; (S-(l-vu,c),v) and 
(2) (S+ (lvv, c), v) :::; (S+ (l-vv, c), v), 

jln-almost everywhere on r(u - v). Set c = lvv in (1) and c = Lvu in (2). Since 
S+(h, g) = S-(g, h), it follows from (1) and (2) that ~S-(u, v) :::; ° a.e. on f(u-v). 
This proves that div S- (u, v) = div S+ (v, u) :::; 0. 

The second assertion follows from Green's theorem on the region, D = {(x, T): Ixl 
< r + l(t - T), ° < T < t}. We have (from [8, §14]) 

O~ f divS-(u,v)dTdx= f max{O,v-u}(t,x)dx 
lD lBr 

- f max{O, v - u}(O, x) dx 1 Br+l. 

+ f (S-(l(u), l(v)), N)djln 
laDn{o<7"<t} 

where l(u), l(v) are the inward traces of u, v and N is the outward-pointing normal 
on aD. From the choice of l the third term is nonnegative. This proves the theorem. 

REMARK 1.7. The above theorem also holds if v ~. BV(R~:+1) but v E 
LOO(R+.+ l ) n C([O,oo);Ltoc(Rn)) and v is a solution of (1.1). This follows from 
Vol/pert's construction of v as a limit in C([O, (0); Ltoc(Rn)) of a sequence of func-
tions, {Vj(t,x)}, which are solutions of (1.1) and satisfy the hypotheses of Theorem 
1.6. 

2. Preliminary results. In this section we prove preliminary results concern-
ing the large-time behavior of solutions of (1.1) and (1.2). We assume throughout 
the paper that f E C l (R; Rn) for n ~ 1, u(t, x) is a solution of (1.1) and (1.2), and 
Uo is a compact perturbation of the Riemann data, 

(x) = {a for (x,J.l) > 0, 
cP b for (x, J.l) < 0, 

where J.l is a unit vector in Rn and a < b. 
We define 

k = [j(b) - f(a)]j(b - a) and j(c) = f(c) - f(a) - (c - a)k. 

Our main assumption (involving f and cp) is that cp is nondegenerate; that is, there 
exists a constant B > ° such that 
(2.1) (j(c),J.l) :::; -B(b - c)(c - a) for a:::; c:::; b. 
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This is essentially a strict entropy condition on rp(x - kt). To check this, we note 
that w(t, x) == rp(x - kt) is in BV(R+.+1) n LOO(R+.+1) and is a weak solution of 
(1.1). The entropy condition (E) on w is equivalent to (E') which can be stated in 
the form 
(E") (A(c) - A(w+), v) :::; (A(w-) - A(c), v) for w+ :::; c:::; w-
Hn-a.e. in r(w). (See §1.) Since v is in the same direction as «(-k,J.L),J.L) and 
j(a) = j(b) = 0, (E") reduces to 

(j(c), J.L) :::; 0 for a :::; c :::; b. 
Thus (2.1) ensures that rp(x - kt) is a traveling wave solution of (1.1). 

We define 

ml = inf {m: m < a and O!l (m) == max (j(c) , J.L) <,81 (m) == min (j(c), J.L) } 
m::=; c::=; a C - a m::=; c::=; a C - b 

and 

m2 = sup {m: m > band 0!2(m) == max (j(c) , J.L) < ,82(m) == min (j(c) , J.L) } . 
b::=;c::=;m c - a b::=;c::=;m C - b 

By (2.1) and the differentiability of f, ml and m2 are well defined with -00 :::; 
ml < a and b < m2 :::; +00. The initial data, uo, is called admissible if 

(i) for some Rl > 0, uo(x) = rp(x) for Ixl ~ Rl , and 
(ii) Uo E Loo(Rn), ml < ess infuo, and m2 > ess supuo. 
We first prove that if uo is admissible then for some t* < 00, we have a :::; 

u( t, x) :::; b for t ~ t*. It will be convenient in the proof to assume (without loss of 
generality) that f(a) = f(b) = 0 and hence k = O. This is possible because if k -I 0 
we can make a change of variables, 

(2.2) Xl = X - kt, tl = t, 
and set U(tl,Xt} = u(t, x). Equations (1.1), (1.2), and the entropy condition (E) 
become 

au/at 1 + divx1 j(u) = 0, u(O, x) = uo(x), 
and 

div(ft,xdS(u,c) :::; 0 for all c E R 

where S( v, w) = sign( v - w) . [A( v) - A( w)] and A( v) = (v,j( v)). Thus the effect 
is to replace f by j which satisfies j(a) = j(b) = O. 

THEOREM 2.3. If Uo is admissible, there exists t* < 00 (defined below) such 
that a:::; u(t, x) :::; b for t ~ t*. 

PROOF. Let 11 = ess supUo and a' = ess infuo. Define 

{ 0 if a' ~ a, 
tt = 2Rt/[,81(a') - O!l(a')] if a' < a, 

{ 0 if 11 :::; b, 
t2 = 2Rt/[,82(b') - 0!2(b')] if b' > b, 

and let t* = max{tI, t2}. 
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First we show that u ~ b for t ~ t*. We assume that b' > b because if not, 
u ~ b for all time by the maximum principle. We also assume (w.l.o.g.) that 
f(a) = f(b) = 0 and hence f = j. 

Let a = a2(b'), (3 = (32(b'), and consider the function defined by 

{ 
b for (x,J.L) < (3t - R1 , 

w(t,x) = ab' for (3t - Rl < (x,J.L) < at + Rb 
for at + Rl < (x, J.L), 

when 0 ~ t ~ 2Rl/((3 - a); 

w(t,x)={~ 
when t > 2Rl/((3 - a). 

for (x,J.L) < 2R1a/((3 - a) + R1 , 

for 2R1a/((3 - a) + Rl < (x,J.L), 

We claim that w is a supersolution. Clearly w E BV(R~+l) n LOO(R~+1) n 
e([O, 00); Lloc(Rn)) and since w is piecewise constant we need only verify (1.4.2) 
on r(w). 

On the jump from w = b to w = b' for t ~ 2Rl/((3 - a), we have v = 
((3, -J.L)/V1 + (32. We need 

(A(b) - A(c), v) ~ 0 for b ~ c ~ b'. 

The left-hand side has the same sign as - ( c - b) (3 + (f ( c ) , J.L) and this is nonnegative 
for b ~ c ~ b' by the definition of (3. On the jump from w = b' to w = a, we take v 
in the direction of (-a,J.L). It is required that (A(a) - A(c),v) ~ 0 for a ~ c ~ b'. 
This is equivalent to 

a(c - a) - (f(c), J.L) ~ 0 for a ~ c ~ b' 

which holds by (2.1) and the definition of a since a ~ (f(b),J.L)/(b - a) = O. 
The entropy condition holds across the jump from w = b to w = a for t > 

2Rl/((3 - a) since v = (0, J.L) and thus the entropy condition (E') reduces to 
(f(c),J.L) ~ 0 for a ~ c ~ b. By Remark 1.7, we have 

r max{O, w - u}(t, x) dx ~ r max{O, w - u}(O, x)dx = 0 J Br J Br+lt 

for any t and r ~ 0 where l = [L~1(maxlul:::;lb/l+la/llff(u)1)2]1/2. We conclude 
that u ~ w for all t and a.e. x ERn, and hence u ~ b for t ~ t* and a.e. x ERn. 
To show that u ~ a when t ~ t* involves the construction of a subsolution in a 
similar way. 

A consequence of Theorem 2.3 is the following result on the large-time behavior 
ofu. 

THEOREM 2.4. Suppose Uo is admissible. There exists R3 > 0 and a set M c 
Rn such that if v(x) = b· XM(X) + a· XRn-M(X), then 

(i) u(t, x) - v(x - kt) -+ 0 in Ll(Rn) as t -+ 00, 
(ii) u(t, x) = v(x - kt) for t > 0 and Ix - ktl > R3, and 
(iii) M n {x ERn: Ixl > R3} = {x ERn: (x, J.L) < 0 and Ixl > R3}. 

To prove this, we will need the following lemma. 
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LEMMA 2.5. Suppose Uo is admissible. There exists R2 > Rl such that u(t,x) 
= cp(x - kt) ift ~ 0 and Ix - ktl ~ R2. 

PROOF. By the change of variables (2.2)' it is sufficient to prove the lemma 
assuming f(a) = f(b) = 0, so that k = 0 and f = j. Since cp is then a steady state 
solution of (1.1) and Uo = cp for Ixl ~ Rl, it follows from estimate (1.3) that for 
some ro > R l , 

u(t*,x) = cp(x) for Ixl ~ TO 

where t* is as defined in Theorem 2.3. We will show that in fact there exists Tl > TO 
such that 

u(t,x) = cp(x) for t ~ t*, Ixl ~ Tl. 

To prove this we use the nondegeneracy condition, (2.1). It ensures that for some 
small 8 > 0, (f(c),v) :::; 0 for a:::; c:::; b and all vERn such that A(J.l,v) < 8, 
where A(J.l, v) is the angle between J.l and v that is not greater than 71". Hence we 
can construct open sets, Ml and M2 (with smooth boundaries) and choose Tl > TO 
such that 

Ml C {x: (x,J.l) < O} C M 2 , 

Bro == Bro(O) C M2 - M l , 

Mi n {x: Ixl ~ Tr} = {x: (x, J.l) < 0 and Ixl ~ Tl} for i = 1,2, and 
(f(c),v):::; 0 for a:::; c:::; b, 

where v is any outward pointing normal to Ml or M 2 . As a result the functions, 
Vi(X) = b· XM;(X) + a . XR"-M;(X), are steady state solutions of (1.1). Since 
Vl(X):::; u(t*,x):::; V2(X) for all x, we have 

Vl(X) :::; u(t,x):::; V2(X) for x ERn, t ~ t*. 

We conclude that 
u(t, x) = cp(x) for Ixl ~ Tl, t ~ t*. 

By (1.3) the above equation holds when t ~ 0 and Ixl ~ R2 == Tl + It* which proves 
the conclusion of the lemma. 

PROOF OF THEOREM 2.4. As before, we may assume that f(a) = f(b) = 0 
and hence k = O. 

Suppose Uo E BV(Rn). Consider Uh(t, x) = u(t, X+hei) for any i = 1, ... , nand 
Ihl :::; Rl , where {el' ... ' en} is the standard basis for Rn. Since Uh is a solution 
of (1.1), we have from Vol/pert's results (or Theorem 1.6) that div S(Uh, u) :::; O. 
Let R = 3· R2 with R2 as defined in Lemma 2.5 and BR = BR(O). By applying 
Green's theorem in the cylinder, (0, t) X BR, we obtain 

f lu(t, x + hei) - u(t, x)ldx:::; f lu(O, x + hei) - u(O, x)ldx 
JBR JBR 

_ t f (~,([f(uh)-f(u)l.sign(uh-u)))d}{n. Jo JaBR 
By Lemma 2.5, f(Uh) = f(u) = 0 on aBR for any t. Hence the third term is zero 
and 
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This and equation (1.1) imply that 

/ 1 [ I(Du)(s+t,x)ldxds~c. [ I(Vxu)(O,x)ldx 
-11BR lBR 

for any t > 1, where D = (a/at, a/aX1, ... , a/axn). 
Now multiply equation (1.1) by (x, J.L) and integrate over the cylinder (t*, T) XBR' 

We obtain 

[ [u(T, x) - u(O, x))· (x, J.L)dx 
lBR 

= [T [ (f(u),J.L)dxdt _ [ (f(u), ~). (x,J.L)d}1n. It· lBR laBR 
The first term is bounded uniformly in T (by estimate (1.3)) and the last term is 
zero. Since a ~ u ~ b for t ~ t*, we conclude using (2.1) that 

['X> [ I(u _ a)(u - b)ldxdt < 00. 10 lBR 
By Lemma 2.5, this can be restated as 

[ I(u - a)(u - b)ldxdt < 00. 
lR~+l 

From the above estimates (and Lemma 2.5) we see that for some sequence, 
tj -+ +00, {u(s + tj, x)} converges in Lloc(( -1,1) x Rn) to a function, V(8, x) E 
BV(( -1,1) x Rn). The L1 bound on (u - a)(u - b) implies that (v - a)(v - b) = 0 
pointwise almost everywhere in (-1, 1) x R n. Thus 

v(s, x) = b· XM(S, x) + a· XRn-M(S, x) 

with XM E BV(( -1,1) x Rn). On the other hand, div S(v, c) ~ 0 as a measure on 
(-1,1) x Rn for all C E R. Hence v is a solution of (1.1) on (-1,1) x Rn. (See [8, 
§16).) Since f(a) = f(b) = 0, we have 

0= av/as + div f(v) = av/as on (-1,1) x Rn. 

Thus XM(S, x) = XM(X). 
Finally we show that u(t,x) - v(x) -+ 0 in L1(Rn) as t -+ 00. By Lemma 2.5 

it is sufficient to prove convergence in L1(BR)' This follows from estimate (1.3) 
which implies that 

[ Iv(x) - u(t,x)ldx ~ [ Iv (x) - u(s + tj,x)ldx 
lBR(o) lBR 

for t ~ s + tj. This proves (i) when Uo E BV(Rn); (ii) and (iii) follow from (i) and 
Lemma 2.5 with R3 = R = 3 . R2' 

For the case when Uo fI. BV(Rn) we can approximate Uo by admissible functions, 
Uj, in BV(Rn) such that Uj -+ Uo in L1(BR3) and Uj(x) = cp(x) for Ixl ~ R1. By 
Lemma 2.5 if Uj(t, x) is the solution of (1.1) with initial values, Uj(x), then 

Uj(t,x) = U(t, x) = cp(x) for Ixl ~ R2' 
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By estimate (1.3) it follows that 

( IVi(X) - vj(x)ldx::; ( IUi(X) - uj(x)ldx 
1BR3 1BR3 

where Vj(x) = limt-+oo Uj(t, x). Hence for some set M, XMj - XM --t 0 in L1(Rn) 
and so 

U(t, x) - b· XM(X) - a· XRn-M(X) --t 0 
in Ll (Rn) as t --t 00. 

3. The n-dimensional case. We now get a more precise description of the set 
M and the convergence of U to v(x - kt) in the special case 

(3.1) n = d == dim span{j(c): a::; x ::; b}. 

THEOREM 3.2. There is a system of coordinates, (f), Yn), obtained by a rotation 
and a constant Co (both depending only on i) so that if Uo is admissible then 
M = {(f), Yn): Yn < g(f))}. The shock front, g, is Lipschitz continuous with Lipschitz 
constant at most Co. 

PROOF. First assume Uo E BV(Rn) and w.l.o.g. f(a) = f(b) = 0 so that 
f = f. From the proof of Theorem 2.4, v(x) is a steady state solution of (1.1) and 
v E BV(Rn). Hence by (E') (f(c), v(x)) ::; 0 for a::; c ::; band j/n-l a.e. x E r(v) 
where v(x) is the normal to r(v) at x. Consider the convex set 

0= {f ai!(ci): ai ~ 0, a::; Ci ::; b, m < oo} . 
>=1 

We have v(x) E nzEO{w ERn: (w,z)::; O} for each such x E r(v). From (3.1) the 
interior of 0 is nonempty. Choose a E 0 0 with lal = 1 and 8 > 0 so that 

E == {z E Rn:A(z,a)::; 8} C O. 
Then 

v(x) E n {w ERn: (w, z) ::; O} = {w ERn: A( -a, w) ::; rr/2 - 8}. 
zEE 

It follows from the theory of sets with locally finite perimeter [3, Theorem 4.8J that 
in a rotated system of coordinates (with en = -a) there exists a function g(f)) such 
that M = {(f), Yn): Yn < g(f))} where v = b . XM + a . XRn-M and 

Ig(f)d - g(f)2) I ::; tan(rr/2 - 8) . If) 1 - f)21 == Co ·If)l - f)21· 
If Uo ¢ BV(Rn) we take a sequence, {Uj(O,x)}, of admissible data such that 

Uj(O,x) E BV(Rn) and Uj(O, x) --t uo(x) in Ltoc{Rn) as j --t 00. We have 'seen 
that the corresponding steady state limits satisfy Vj --t v in Ltoc(Rn) as j --t 00. 

From the above argument we have Mj = ((f), Yn): Yn < gj(f))} where the gj are 
uniformly Lipschitz continuous and ' 

(f(c), (-~gj(f)), 1)) ::; 0 for a::; c ::; b 
and Ln-l a.e. f). (Here it is understood that f(c) is expressed in the new co-
ordinates, (f), Yn).) It follows that M = {(f), Yn): Yn < g(f))} for some Lipschitz 
continuous g satisfying the same conditions. 

The uniform bound on the Lipschitz constant of the shock front yields the fol-
lowing stability result. 
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THEOREM 3.3. Let U1(0,X), U2(0, x) be admissible data and V1(X - kt), 
v2(x-kt) be the asymptotic limits withg!, g2 the corresponding shock/ronts. There 
is a constant C1(1) < 00 so that 

Ilg, - 112I1L-CRo-,) OS; G, (Ia •. 1.,(0, xj - .,(0, XjldX) '/n 

PROOF. Assume that /(a) = /(b) = 0. In the coordinates (y, Yn) we have Mi = 
{(y, Yn): Yn < gi(Y)} and IVgil ::; Co for i = 1,2 where Vi = b· XMi + a . XRn-Mi· 
As in the proof of Theorem 2.4, Green's theorem implies that 

(b - a)· { Ig1 - g21dy = { IV1 - v21dx 
JRn-1 JBR3 

::; ( IU1(0, x) - U2(0, x)ldx. 
JBRI 

But since IVg11 and IVg21 are a priori bounded, we conclude that if Ig1(YO) -
g2(yo)1 = 6 > ° then Ig1(Y) - g2(y)1 ~ 6/2 for y E B6/ 4co (Y0). Thus 

(11g1 - g2I1Loo(Rn-I))n ::; c1(1)· { Ig1 - g2ldY· 
JRn-l 

REMARK 3.4. We will need to apply a version of this theorem when U1 (0, x) 
and U2 (0, x) are admissible relative to shocks that differ by a small translation, i.e. 
Ul(O,X) = <p(x) and U2(0,X) = <p(x +11J.t) for Ixl ~ Rl . If we assume w.l.o.g. that 
Co> 1 and take ~ = 5Co . max{R3, Col1} then the same argument yields 

DEFINITION 3.5. A function h( x) is piecewise continuous iff there exists a finite 
number of mutually disjoint domains, {Di}f=l' such that hiD; has a continuous 
extension to Di U aDi and Ln (Rn - U~=l Di) = 0. 

We will prove that if Uo is admissible, piecewise continuous, and dist( x - kt, aM) 
> £ > 0, then u(t, x) = v(x - kt) after a finite time depending on £ and 1. (See 
Theorem 3.12.) It will be convenient to use the following notation. 

DEFINITION 3.6. If 

w(t, x) E C([O,oo);Ltoc(Rn )) 

we denote by U(w)(t, x) (L(w)(t, x)) the upper (lower) Lebesgue limit in x: 

U(w)(t,x) = lim 1 w(t,z)dz, L(w)(t,x) = lim I w(t,z)dz. 
r--+O ] Br(X) r--+O ] Br(x) 

Note that for each t > 0, U(w)(t,x) = L(w)(t,x) = w(t, x) for a.e. x. 
The following lemma implies the uniform convergence of u(t, x) away from the 

shock front. 
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LEMMA 3.7. Suppose that uo is admissible, piecewise continuous, and gCY) is 
the shock front for the asymptotic limit. Then given €, u > 0 there is a constant 
T(€,u) < 00 so that in the coordinates (Y,Yn) for t > T we have 

(1) a ~ u(t, y) ~ a + u for a.e. Y with Yn - knt ~ g(Y - kt) + €, 

(2) b ~ u(t, y) ~ b - u for a.e. Y with Yn - knt ~ g(y - kt) - e, where (k, kn) is 
the representation of k = [feb) - f(a)]j(b - a) in the coordinates, (Y, Yn). 

PROOF. Assume f(a) = feb) = 0 so that k = O. Note that from Lemma 2.3 the 
first inequalities in (1) and (2) hold for t ~ t*. 

For any 8 E (0,1) we can find functions q.s(x), p.s(x) and a positive constant, 
1'(8) ~ 8, so that the following three properties hold. First, 

ess inf Uo ~ q.s(x) ~ uo(x + h) ~ p.s(x) ~ ess supUo 

for any h E Rn with Ihl ~ 1'. Second, if q.s(t, x) and P.s(t, x) are the solutions 
of (1.1) with initial values p.s(x) and q.s(x), we have q.s(t, x) = <p(x + 1'J..L) and 
P.s(t,x) = <p(x - 1'J..L) for Ixl ~ R, t ~ 0, where R is independent of 8. Third, 

r (P.s - qli)dx ~ 8. iBR 
If (1) does not hold there exists a sequence of points (tm, ym) in the rotated 

coordinates, Y = (Y, Yn), with tm ~ 00 and ym ~ yO as m ~ 00 so that 

U(u)(tm,ym) > a+u and Y;:" ~ g(Ym) +€. 
For 8 fixed and any jj E BT / 2 (yO) it follows from Remark 1.7 that 

u( tm , Y + h) ~ P.s (tm , y) for a.e. y 

where h = ym - jj, m is sufficiently large and P.s (t, y) denotes the function p.s (t, x) 
expressed in the rotated spacial coordinates. Thus 

As a result, 

(3) 

if m is large. Let v.s(x) be the asymptotic limit of p.s(t, x), 

v.s(x) = b· XM6 (X) + a· XRn-M6(X). 

It follows from (3) and Theorem 2.4 that BT / 2 (yO) C M.s. Using gli(Y) to denote 
the shock front for V.s we get € ~ Igli(YO) - g(yO)I. But from (3.4) 

Ilg - g,IIL-(R"-') '" C (Is •. I",,(x) - p,(O, x)ldx r/n 
'" C ./i'/n. 

Since 8 can be chosen arbitrarily small this is a contradiction. The verification of 
(2) is a similar argument using q.s(x). 

We shall improve on this estimate by using super and subsolutions. The con-
struction of the supersolution is done below in detail. 
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LEMMA 3.8. Let f{c) be expressed in the coordinates (fI, Yn) and suppose f{a) = 
f{b) = O. Let g{y) be any Lipschitz continuous function so that for almost every y, 

(3.9) 
({V'g, -l),f{c)) ~ m > 0 for a:::; c:::; a +2 b, 

c-a 
({V'g, -1), f{c)) ~ 0 for a :::; c :::; b. 

Suppose fJ and 8 are positive constants. Define 

w{t, i), Yn) = (a + b)/2 for g(fl) - 8 + fJt :::; Yn :::; g(fl) - mt, { 
b for Yn :::; g(fl) - 8 + fJ t , 

a for g(fl) - mt :::; Yn, 
when 0:::; t :::; 8/{m + fJ); 

w{t, i), Yn) = { : 
for Yn < g(fl) - m8/{m + fJ), 
for Yn ~ g(fl) - m8/{m + fJ) 

when t ~ 8/{m + fJ). 
Then w is a supersolution of (1.1) provided fJ is sufficiently large depending only 

on f and the Lipschitz constant of g. 
PROOF. Since w is piecewise constant, 

OtW + divxf{w) = (I[{w+,f{w+)) - (w-, f(w-))], v(t,y))d)lnlr(w)' 

We must verify that 

([{w+,f{w+)) - {c,f{c))],v) ~ 0 for w+:::; c:::; w-

and)ln a.e. (t, y) E r(w). The jump between the states band (a+b)/2 is determined 
by 

0= Yn - g(i)) + 8 - fJt. 
We have 

v = {-fJ, -V'g, 1)/JfJ2 + lV'gl2 + 1. 
Thus we need to establish that 

a+b for -- < c < b. 2 - -

This is equivalent to 

which is valid for fJ sufficiently large. For the jump between (a + b)/2 and a we 
have 0 = Yn - g(fl) + mt, v = (m, -V'g, 1)/ Jm2 + lV'gl2 + 1. We must verify that 

m(a - c) - (f{c), (-V'g, 1)) ~ 0 for a:::; c:::; (a + b)/2. 
This is equivalent to the first inequality of (3.9). 

On the jump between b and a for t ~ 8/ (m+fJ) the entropy condition is equivalent 
to the second inequality of (3.9). This completes the proof. 

The shock front g satisfies 

g(i)) = (l, i)) for Ii)I ~ R3 
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where (l, -1)/ JIll2 + 1 is the representation of -p, in the coordinates (y, Yn). Hence 

(f(c) , (l, -1)) ~ O(c - a)(b - c)Jlll2 + 1 for a $ c $ b. 
In general the first inequality of (3.9) does not hold. However, g can be uniformly 
approximated from above and below by functions, g1,F: and g2,F: respectively, where 

gj,e(y) = g«l - c)y) + c(l, y) - (-I)j . Cc 

for 0 < c < !, j = 1,2, and c > 0 is sufficiently large (independent of c). We have 
Vgj,F:(Y) = (1- c) . Vg«I- c)y) + cl 

so that 
(f(c), (VgJ',F:(Y), -1)) 

(3.10) = (1 - c)(f(c), (Vg({I- c)y), -1)) + c(f(c), (l, -1)) 
~ cOJIll2 + 1 . (c - a)(b - c) for a $ c $ b. 

Thus supersolutions can be constructed with g1,F:' 
Similarly one can construct subsolutions with g2,F:' The inequalities analogous 

to (3.9) which we require are 

(Vg, -1), f(c)) > fJ > 0 for a +2 b $ c $ b, 
b-c -

(Vg, -1), f(c)) ~ 0 for a $ c $ b. 
These hold with g replaced by g2,F: and fJ sufficiently small by inequality (3.10). 
Thus the formula of Lemma 3.8 defines a subsolution if m is sufficiently large. 

We now improve on Lemma 3.7 in the sense that we show u{t, x) = v(x - kt) 
outside of an arbitrarily small neighborhood of the shock front after finite time. 

THEOREM 3.11. Let u(t, x) be a solution of (1.1) with uo{x) admissible and 
piecewise continuous. Then in the coordinates (y, Yn), given 6 > 0 there is a con-
stant T(6) < 00 so that 
(1) u(t, y) = a for a.e. Y with Yn - knt ~ g(y - kt) + 6, t ~ T, 
(2) u(t, y) = b for a.e. y with Yn - knt $ g(Y - kt) - 6, t ~ T. 

PROOF. Assume that f(a) = f(b) = O. Suppose there is a sequence (tj,yi) 
with yj -+ yO, tj -+ 00 as j -+ 00 such that U(u){tj,yi) > a and y~ ~ g(yO) + 6. 
Suppose c « 6 and set 

h.,.(y) = g1,e;(y) + T, M.,. = {(y, Yn): Yn < h.,.(Y)}. 
Define 

T(t) = inf{T: {y: U(u)(t, y) > a} eM.,.}. 
This is well defined for each t > 0 by Theorem 2.4. Set v.,. = b· XMT + a· XRn-MT • 

By (3.10), v.,. is a steady state solution of (1.1). From Remark 1.7 and Theorem 2.3 
we get v.,.(t)(Y) ~ u(s,y) for s ~ t and a.e. y. Thus T{t) is nonincreasing as t i 00. 

Set TO = limt--+oo T(t). If c is sufficiently small y~ ~ h38/ 4 (y°), so TO ~ 3b /4. 
Hence h.,.o ~ g + 36/4. Choose T so large that T(T) $ c2 + TO; using Lemma 3.7, 
assume T is large enough to ensure that 

a+b A 6 
U(u)(t,y) $ -2- for Yn ~ g(y) + 2' t ~ T. 
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We can use the supersolution from the previous lemma for t 2: T with g replaced 
by hT(T), 8 replaced by 8/4, m = cO(b - a)( JIl12 + 1)/2 = C1C, and 

{ 
b for Yn ~ hT(T)(Y) - 8/4, 

w(T, y) = (a + b)/2 for hT(T)(Y) - 8/4 ~ Yn ~ hT(T)(Y), 
a for hT(T) (Y) < Yn· 

It follows that for t 2: T + 8/4(TJ + C1c) = T + C28, U(u)(t,y) = a on the set 
{Y:Yn > hT(T)(Y) - C1 C28c}. Thus TO ~ T(T) - C1c28c which implies that c1c28c ~ 
c2 • This is a contradiction since c can be taken arbitrarily small. The proof of (1) 
is complete; (2) follows in a similar way using subsolutions. 

An immediate consequence of this theorem is 

THEOREM 3. 12. Suppose uo is admissible, piecewise continuous, and k = 
[J(b) - f(a)]j(b - a). Then for any c > 0 there is a constant Te < 00 such that 

u(t, x) = v(x - kt) for a.e. x E R n , 

when t > Te and dist(x - kt, oM) > c. 

4. The lower dimensional case. We now analyze the situation when d < n. 
By an appropriate rotation of the spacial coordinates we can assume that 

f(c) = (h 1(c), ... , hd(c),j1(c), ... ,jn-d(C)), 

dim span{h(c):a ~ c ~ b} = d, and ](c) = 0 for a ~ c ~ b, where 

h(c) = h(c) - h(a) - (c - a)[h(b) - h(a)]j(b - a), 
](c) = j(c) - j(a) - (c - a) [j(b) - j(a)]j(b - a). 

Moreover the projection of J.l on Rd is nonzero and if J.l' = PRd(J.l)/IIPRd(J.l)11 we 
have 

(Jl,', h(c)) ~ (J.l, j(c)) ~ -O(c - a)(b - c) for a ~ c ~ b. 
We use the notation x = (x', x") where x' E Rd and x" ERn-d. 

LEMMA 4.1. Suppose uo is admissible and k = (k', k") = [f(b) - f(a)]j(b- a). 
Then for t 2: T (where T is such that a ~ u(t, x) ~ b for t 2: T) we have u(t,x) = 
u(t, x' - k't;x" - k"t), where u(t, x'; x") E C([T,oo);Lt,c(Rd)) for Ln-d a.e. x" 
and is the solution of the Cauchy problem 

(4.2) {OtW + divx,h(w) = 0 for t 2: T, x' E R d , 
w(T, x') = u(T, x' + k'T; x" + kilT). 

Moreover for each such x", u(T, x' + k'T; x" + kilT) is admissible relative to a 
nondegenerate shock of the form 

( ' ") {a for (x' - xo(x"), J.l') > 0, 
cp x ; x = b for (x' - xo(x"), J.l') < o. 

PROOF. As in §2 we assume that f(a) = f(b) = 0 so that h(c) = h(c), j(c) = 0 
for a ~ c ~ b, and k = O. 

It suffices to prove the lemma in the region ON = {(t, x): T ~ t < T+N, Ixl ~ N} 
for any N < 00. From (1.3) we see that u is uniquely determined on ON by u(T, x) 
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with Ixl ~ N(l+l). Thus without loss of generality we can assume that the solution 
is redefined at time t = T for Ixl > N(l + l) so that u(T, x) == a for Ixl ~ 2N(1 + l). 

To begin with suppose u(T, x) E coo(Rn) and h E COO(R1;Rd). For e > 0 let 
ve(t, x'; x") be the solution to 

(4.3) {8tVe + divx,h(ve) = e~XIVe for t ~ T and x E Rn, 
ve(T,x';x") = u(T, x) for x ERn. 

Thus we view x" as a parameter in the initial conditions. The theory of parabolic 
equations implies that a unique solution exists with a ~ Ve ~ b and 

Ve E COO([T, oo) x Rn). 
From [8, §§17.2 and 18.1], we obtain the estimates 

(a) { IVxlvel(t,x';x")dx' 
JRd 

~ ( IV xVel(T, x'; x")dx' for t ~ T, x" E R n - d, 
JRd 

T' 
(b) {{ 18tve I (t, x'; x")dx' dt 

JT JRd 

~ c(T',l)· { (IVxlvel(T, x'; x") +el~xlvel(T,x';x"))dx' 
JRd 

for T ~ T' < 00 and x" ERn-d. As a result we get 

(c) { IVxvel(t,x)dx~ { IVxvel(T,x)dx fort~T, 
JRn JRn 

T' 
(d) ({ 18tvel(t, x)dx dt 

JT JRn 

~ C(T', l). { (IV xVel(T, x) + el~x,vel(T, x))dx. 
JRn 

If we assume only that h E C1 ([a, bj; Rd) then by taking a sequence of smooth 
functions, hj, converging to h in this space one finds that the corresponding solu-
tions, Ve,j, together with V xVe,j converge uniformly in [T, T'j x Rn. Also 

sup 18tve,jl ~ C < 00 
[T,T')xRn 

independent of j. Letting j -+ 00 the limit, Ve , will be a solution of (4.3); the 
integrands in (a)-(d) are all locally integrable functions and since the right-hand 
sides of the four inequalities are independent of j they remain valid in the limit. 

From (c) and (d) we see that a sequence ej ! 0 can be chosen so that Vej -+ W E 
BV((T, oo) x Rn) with convergence in Lfoc((T, oo) X Rn). We can ful'ther assume 
that there is a-set, Z, of full .cn - d measure so that 

vej(t,x) -+ w(t,x';x") in Lfoc((T, oo) x Rd) 

for x" E Z. From (a) and (b) we see that w(t, x'; x") E BV((T, 00) x Rd) for each 
x" E Z. Thus (as in §1) we can define 

w(t, x'; x") == lim 1 w(r, z; x")dr dz, 
r-oo ] Br((t,x'» 

t > T, x" E Z. 
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From [8, §18]' for each such x", w(t,x';x") is the solution to (4.2). By the same 
argument as in [8, §18j, w(t, x) (the Lebesgue limit in Rn+l) is the solution to (1.1) 
with w(t,x) -t u(T, x) as t! T in Lfoc(Rn). We point out that w(t,x';x") agrees 
with w(t,x) as an element in C([T, 00); Lfoc(Rn)). We point out that w(t,x';x") 
agrees with w(t, x) as an element in C([T, 00); Lfoc(Rn)). Thus the proof is complete 
when u(T, x) E coo(Rn). 

For the general case consider a sequence of functions uj(T,x) E coo(Rn) with 
a ~ Uj ~ b, uj(T,x) = a for Ixl ~ 2N(1 + I), and Uj -t U in Lfoc(Rn). Using 
equation (1.3) we see that {Uj(t, x'; x")}, j = 1,2, ... , forms a Cauchy sequence in 
C([T, T + Nj; Lfoc(Rn)), and that for a.e. x" E Rn-d, the sequence is Cauchy in 
C([T, T + Nj; Lfoc(Rd)). For a subsequence, Uj(t, x'; x") -t u(t, x) for all t E 
[T, T + Nj and a.e. x" E Rn-d, pointwise almost everywhere in Rd. This limit has 
the required properties. 

With this result and those from §§2 and 3 we have the following. 

THEOREM 4.4. Let uo(x) be admissible and let b·XM(x-kt)+a·XRn-M(X-kt) 
be the asymptotic limit of u(t,x). Then for almost every x~ E Rn-d, M(x~) == 
{x': (x',x~) E M} is a Lipschitz domain in Rd. Moreover there is a rotation of 
the x' coordinates to y' = (f), Yd) E Rd-l x R 1 and a function g(y, x") defined for 
almost every x", Lipschitz continuous in y (with Lipschitz constant independent of 
x"), so that 

M(x") = {y' E Rd: Yd < g(f), x")}. 

LEMMA 4. 5 . Suppose Uo (x) is admissible and piecewise continuous. Let u be 
as in Lemma 4.1 but with x' replaced by the rotated coordinates, y' = (f), Yd). Then 
for almost every x" E Rn-d and any 8 > 0 there is a constant T(8, x") < 00 so 
that 

u(t, y'; x") = a for a.e. y such that Yn ~ g(f), x") + 8, t ~ T, 

u(t,y';x") = b for a.e. y such that Yn ~ g(y, x") - 8, t ~ T. 

PROOF. Assume that f(a) = f(b) = 0, so that k = 0 and u = u. Consider 
for each j = 1,2, ... , ql/j and Pl/j as defined in Lemma 3.7. For t ~ t*, usir.g 
Theorem 2.3, 

a ~ ql/j(t, x) ~ Pl/j(t, x) ~ b. 
Now there exists a set Z of full .cn - d measure so that for all j, 

Ql/j(t*, x', x") ~ u(t*, x' + h, x") ~ Pl/j(t*, x', x") 

for .cd a.e. x', for each Ihl < r(l/j) and x" E Z. By construction Pl/j(t*,X)-
Ql/j(t*,X) -t 0 as j -t 00 in Lfoc(Rn). Hence for almost every x" E Z, 

r [Pl/j(t*, x', x") - Ql/j(t*,x',x")jdx' -t 0 J1x l l5,R 

as j -t 00 for any R < 00. Using Lemma 4.1 we can argue as in Lemma 3.7 and 
Theorem 3.11 for each such x" to obtain the conclusion of the lemma. 

LEMMA 4.6. Let Uo (x) be admissible and piecewise continuous. Then for all 
c > 0 and almost every Z" E Rn-d there is a constant, T(c, Zll), such that if 
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x" - k"t = z", 
u(t,x',x") = u(t,x' - k't;x" - k"t) 

= b· XM(x"-k"t)(X' - k't) + a· XRLM(x"-k"t)(X' - k't) 
for t ~ T and almost every x' such that dist(x' - k't,8M(x" - k"t)) > c. 
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