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LARGE-TIME BEHAVIOR OF SOLUTIONS
TO A SCALAR CONSERVATION LAW
IN SEVERAL SPACE DIMENSIONS

PATRICIA BAUMAN! AND DANIEL PHILLIPS?

ABSTRACT. We consider solutions of the Cauchy problem in R'_f"l for the
equation ut + divy f(u) = 0. The initial data is assumed to be a compact
perturbation of a function of the form, ¢(z) = a for (z,u) > 0, p(z) = b for
(z,u) < 0, where a and b are constants and u is a given unit vector. The
Cauchy problem together with an entropy condition on u is known to be well
posed. The solution with unperturbed initial data, ¢(z), is a traveling shock,
o(z— Et), provided that p(z— I?t) satisfies the entropy condition (an inequality
ona, b, u, and f). Assuming this type of condition on ¢, we study the large-
time behavior of u. In particular, we show that u converges to a traveling
shock whose profile agrees with (z, u) = 0 outside of a compact set.

Introduction. In 1958 A. M. Ilin and O. A. Oleinik [4] studied the large-time
stability of a shock solution to a single conservation law. They considered the
Cauchy problem

ou 0
(0.1) W-I—E&—f(u)—o fort >0, zx€R,
(0.2) u(0,1) = up(z) forz R,

where ug is bounded,

up(z) = a- xr+(2) +b- xr-(z) = ¥(z)
for |z| sufficiently large,
(0.3) a<b and f”>0.

Solutions of the Cauchy problem are unique among those which satisfy an entropy
condition (see (E) in §1). The structure assumptions, (0.3), ensure that ¢ (z — kt) is
a solution of (0.1) and satisfies the entropy condition when k = (f(b)— f(a))/(b—a).
Ilin and Oleinik used the viscosity method to show that for all ¢ sufficiently large,
u(t,z) = Y(zo + = — kt) for some zo € R. Thus if the initial data is a compact
perturbation of 1, the solution evolves after finite time into the traveling shock
solution, 1(xg+z—kt). We remark that the same result was proved by C. Dafermos
(2] and T. P. Liu [7] using the notion of generalized characteristic curves.

In this paper we investigate the n-dimensional analog of this problem:

(0.4) Ou/ot +div f(u) =0 fort>0, zeR",
(0.5) u(0,z) = up(z) forz € R™
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where f € C1(R;R"™) and n > 1. We assume that ug € L®°(R") and ug = ¢ for
|z| > Ry > 0, where
_Ja for (z,u) >0,
plz) = {b for (z,u) <0
for some unit vector 4 € R™ and a < b. We define a solution of (0.4) to be a distri-
bution solution in C([0, 00); L, .(R™)) which satisfies Vol'pert’s entropy condition,
(E). (See §1.)

If k = [f(b) — f(a)]/(b— a), it follows from (E) that ¢(x — kt) is a solution of
(0.4) if and only if (f(c), u) <0 for a < ¢ < b where f(c) = f(c) — f(a) — (c — a)k.
We assume throughout the paper that ¢ is nondegenerate, i.e., the above entropy
condition holds in the following strict sense: there exists a constant # > 0 such that

(0.6) (u, f(c)) < —0(b—c)(c—a) fora<c<b.

We summarize our results as follows. In §§1 and 2 we show that there are bounds
my < a and mz > b (determined explicitly by f) so that if

(0.7) my < essinfug and mgy > ess supup,

then after a finite time, a < u(t,z) < b. Moreover, there is a set M C R™ and a
constant Rz > 0 such that if

v(z)=b - xm(X)+a- xrr—m(z),
then
u(t,z) —v(z —kt) -0 in L*(R™) as t — oo
and
M N {z:|z| > R} = {z: (z,u) <0, |z| > Ra}.

Our investigation shows that the large-time behavior of u can be described more
definitely and that it depends on d = dimension (span {f(c):a < ¢ < b}). In §3 we
study the case d = n and prove the following results. Here the initial data is called
admissible if it satisfies (0.7) and ug = @ for |z| > R; > 0.

THEOREM 3.2. If ug s admissible and d = n, then M s a Lipschitz domain.
More precisely, there is a set of coordinates (yi1,...,yn) = (§,yn) obtained by a
rotation and a constant, C, (both depending only on f) so that M = {(§,yn): yn <
g(9)} where g is Lipschitz continuous and ||Vg||oo < C.3

We prove the following stability estimate for the shock front, g.

THEOREM 3.3. Suppose ui and us are admassible initial data and d = n. Let
g1 and gy be the end state shock fronts. Then

N 1/n
I = 0o < - ([ —alar)

Using the above estimate, we show that in finite time, u is equal to the traveling
shock, v(z — kt), outside an arbitrarily small neighborhood of the shock front.

3For n = 1, g should be replaced by a constant, g, and M = {z:z < z0}.
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THEOREM 3.12. Suppose d = n and ug ts admissible and precewrse continuous.
(See 3.5.) If € > 0 there exists T, > 0 such that u(t,z) = v(z — kt) for t > T, and
dist(z — kt,0M) > e.

In §4 we study the case d < n and show that it reduces to the case described
above. Without loss of generality we assume that V = span{f(c):a < ¢ < b} =
R< x {0}; the projection of x on V is nontrivial; and its unit-length normalization,
(1, 0), satisfies

((',0), f(c)) < =8(b—c)(c—a) fora<c<b.

(This holds after an appropriate change of coordinates.)

The problem, (0.4) and (0.5), can then be interpreted (after a finite time) as a
parametrized set of problems in d space dimensions. To describe this in more detail,
let us denote (z1,...,2,) by (z/,z") with 2’ € R? and 2’ € R"~¢. We prove

LEMMA 4.1. Suppose ug 18 admissible and d < n. Under the above hypotheses
on f, there exists T > 0 (ezplicitly computable from f) so that if t > T,

u(t,z) = a(t, ' — k't;z" — k"'t).

Here 1(t,z';2") is defined for a.e. ="' € R™~% as the solution of the problem

0 B

—__ 2 (f (7)) = >T of d

T +,~=1 ami(f,(u)) 0 fort>T; 2’ € RY,

(T, z';2") = u(T,z' + K'T,z" + K"'T).

The function w(T,z’ + k'T,z" + k"T) for fized =" € R"~% 1s admissible relative to
a nondegenerate shock defined through u'.

From our results for the case d = n, we have

THEOREM 4.6. Suppose ug 13 admissible, piecewise continuous, and d < n.
For all € > 0 and a.e. 2"’ € R"~4 there exists T = T(c,2") > 0 and a Lipschitz
domain, M(2"), in R?® such that xm(2,2") = Xxm(z)(2') and if 2’ — k"'t = 2",

u(t,z’,z") = v(t, 2’ — k't, " — k"t)
=b-xm( (¢ —K't) +a- xpa_m(er) (2’ — K't)
fort > T and dist(z' — k't,0M(2")) > e.

Solutions of (0.4) and (0.5) when n = 2 and wug is constant in each of the four
quadrants were studied by D. Wagner in [9]. He assumed that f = (f1, f2) with
Y, f¢ > 0and f; sufficiently close to fa. Under these assumptions he constructed
the solution and analyzed its qualitative properties. Further study of this problem
was done by W. B. Lindquist [6] assuming that f; = f, and f; has at most two
inflection points.

In (1] E. Conway studied the large-time behavior of solutions of (0.4) and (0.5)
in n space dimensions assuming that ug has compact support and f is convex in
some direction. He proved decay estimates on the L*-norm of such solutions.

As far as we know, all previous studies of the large-time behavior of u assumed
some type of convexity condition on f. Our primary assumption is (0.6). In par-
ticular, our results are new even for the case n = 1.
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1. Super and subentropy solutions. In this section we define a notion of
super and subentropy solutions of a conservation law. A technique used throughout
the paper is the explicit construction of such functions to obtain estimates on u(t, )
for large time.

First, let us recall some results proved by Vol'pert in [8]. Suppose u € BV (R"1)
NL®(R7%T). Then Vol'pert showed that with the exception of a set of H™-measure
zero every (t,z) in R™1 is a regular point of u. This means that there is a unit
vector, v, in R®*1 and numbers [, u(t,z) and I_,u(t, z) such that for each € > 0

: ]{(T’ y) € B"‘(ta il'): IU(T, y) — liuu(ta CE)I > ¢ and ((T - t»y - (L‘), :i:lj> > 0}'

lim =0
r—=0 | B (t, )]
(Here |E| denotes the Lebesgue measure of a set, E.) We denote the set of regular
points where [, u(t,z) # l_,u(t,z) as the set of approximate jump points, I'(u).
We remark that up to a multiple of +1, v is unique for (¢,z) € I'(u) and is called
a normal to I'(u) at (¢,z). We adopt the convention that ut = [ u(t,z), u= =
l_,u(t, ), and v is chosen so that uy < u_. If g(t) is a continuously differentiable
function, Vol'pert proved that g(u(t,z)) € BV (R}!) and Vg(u) = §(u) - Vu as a
Borel measure, where for each regular point, (¢, z),

FY ol
G(u) = { %{—) if (¢t,z) € T'(u),
g'(a(t,z)) if (¢,z) ¢ T'(u),
and 4(t, z) = lim, o J(B,(t,a:) u(r, y)dr dy, the Lebesgue limit of u at (¢,z). (This is
well defined H™-almost everywhere.)
Vol’pert proved that solutions of (0.4) and (0.5) are unique among those which

satisfy an entropy condition. More precisely, suppose ug € BV (R™) N L (R").
Let A(u) = (u, f(u)) and define S:R? — R™*+! by

S(u,v) = (A(u) — A(v)) - sign(u — v).
Then there is a unique function u € BV(R?_H) satisfying

(1.1) Ou/ot + div f(u) = div A(u) =0,
(1.2) tlir51+ a(t,z) = up(z) for L™-ae. x

and the entropy condition:
(E) div S(u,c) <0 for all ¢ € R as a distribution on R},
When u € BV(R7!) N L®°(R}*!) and u satisfies (1.1), the entropy condition,
(E), is equivalent to
(E')  (S(ut,c),v) < (S(u,c),v) for all c € R and H™-almost every
point in the jump set, I'(u).

In addition, Vol'pert proved that if ug € BV (R™) N L*>°(R™), then

(i) a(t,2) € C([0, 0); Lo (R™)),

(ii) || < [luolloos

(iii) For any two solutions, u and w, of (1.1) which satisfy (E) and such that
u, w€ L®(RTT)NC([0,00); LL (R™)) and |ul, |w| < m < oo, we have

(1.3) / la(t, z) — B(t, z)|dz < /B lu(z, 0) — w(z, 0)|dz

T 41t

where [ = (57, (maxu < |££(u)])2) V2.



SOLUTIONS TO A SCALAR CONSERVATION LAW 405

If up € L°(R™), Vol'pert showed that there is a distribution solution of (1.1)
and (1.2) in the class C([0,00); L1, .(R™)) which satisfies (E) and also satisfies (ii)
and (iii). Kruzkov proved that it is unique in a broader class [5].

As stated in the introduction, we define a solution of (1.1) to be a function, u,
in C([0,00); LL .(R™)) which satisfies (1.1) in the sense of distributions and also
satisfies the entropy condition (E).

We define super and subentropy solutions as follows:

DEFINITION 1.4. Suppose
u(t,z) € BV (RI) N L®(R7H) N C((0, 00); Lo (R™)).

Then u is a super (sub) solution of (1.1) if

(1) div A(w) = ([A(u®) - A(uT)],v)dX"|rw) + (ut +Y filw)- uz.~>

i=1

L(u)e
>0 (<0).
(2) For ¥™-a.e. (t,z) € I'(u),
(A(uh),v) > (A(c),v) forut <c<u~
(sub: (A(u™),v) > (A(c),v) for ut <c<u™).

The inequalities in condition (2) are splitting of the entropy condition into two
inequalities.

The following lemma will be used to prove a maximum principle for super and

subsolutions. We use the notation ¢*(z) = xr+(2), 07 (2) = —xr-(2), and
S*(u,v) = [A(u) — A(W)] - 0% (u — v).

LEMMA 1.5. Suppose u € BV (R}T1)NL® (R )NC((0, 00); L, (R™)). Then
u 18 a supersolution iff divS—(u,c) < 0 for all ¢ € R; u is a subsolution iff
divS*(u,c) <0 for all c € R.

PROOF. Let AS~(u,¢) = [S~(ut,¢) — S~(u™,c)] in ['(u). Then from the
calculus of BV functions [8, §15] we have

div S~ (u,c) = o~ (u —c) - div A(u)|r(uye + (A8~ (u,¢), v)dH™ |p(y).

Note first that (AS™(u,c),v) < 0 a.e. on I'(u) for ¢ € R iff (A(c),v) < (A(u'),v)
for u™ < ¢ <wu” a.e. onT'(u). Second, if we choose ¢ > ||u||oo, then 0= (u—c) = —1.
Thus

o= (u—c)-div A(u)|r(u)e <0 forallceR
is equivalent to div A(u) > 0 in I'(u). This shows that divS~(u,c) <0iff uis a
supersolution. The result for subsolutions is proved similarly.
THEOREM 1.6. Suppose u 18 a supersolution and v s a subsolution. Let
m = sup{max{|u(t, z)|, |v(t,z)|} 2 € R, 0< t < T}

= (3 (= seal)’)

i=1

and
1/2
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Then div S~ (u,v) =divS*(v,u) <0 and for 0 <t < T < o0,

/ max{0,v — u}(t,z) dzx < / max{0,v — u}(0, z) dz.
B,

Br+lt

PROOF. We have from [8, §15] that

div S~ (u,v) = 7 (u — v) - div[A(w) — AW)Ipu-sye + (AS™ (1,0), V)AN" sy

where AS~ (u,v) = S~ (Lu,l,v) — S~ (-, u,l_,v) and v is the normal to I'(u — v).
The first term is a nonpositive measure. As for the second term, it follows from
Lemma 1.5 that for any ¢

(1) (S~ (lyu,c),v) < (S~ (l-pu,c),v) and

(2) (S8* (v, c),v) < (ST (l_uv,c),v),
}m-almost everywhere on I'(u — v). Set ¢ = l,v in (1) and ¢ = {_,u in (2). Since
S*(h,g9) = S~ (g, h), it follows from (1) and (2) that AS™ (u,v) <0 a.e. on I'(u—v).
This proves that div S~ (u,v) = divS*(v,u) <0.

The second assertion follows from Green’s theorem on the region, D = {(z,7): |z|
<r+I(t—-71),0< 7 <t} Wehave (from [8, §14])

0> / div S~ (u,v)drdz = / max{0,v — u}(t, z) dzr
D B.
- / max{0,v — u}(0, z) dz
Br+lt

+ / (S~ (I(u), I(v)), N)dX™
aDn{0<r<t}

where [(u), I(v) are the inward traces of u, v and N is the outward-pointing normal
on dD. From the choice of ! the third term is nonnegative. This proves the theorem.

REMARK 1.7. The above theorem also holds if v ¢ BV (R7}*!) but v €
L®(RT) N C([0,00); LL,.(R™)) and v is a solution of (1.1). This follows from
Vol'pert’s construction of v as a limit in C([0, 00); LL .(R™)) of a sequence of func-
tions, {v;(¢,z)}, which are solutions of (1.1) and satisfy the hypotheses of Theorem

1.6.

2. Preliminary results. In this section we prove preliminary results concern-
ing the large-time behavior of solutions of (1.1) and (1.2). We assume throughout
the paper that f € C1(R;R™) for n > 1, u(t, z) is a solution of (1.1) and (1.2), and
ug is a compact perturbation of the Riemann data,

_Ja for (z,u) >0,
plz) = {b for (z,u) <0,

where u is a unit vector in R™ and a < b.
We define

k=1[f(b) - f(a))/(b—a) and f(c)=f(c) - f(a) - (c - a)k.

Our main assumption (involving f and ) is that ¢ is nondegenerate; that is, there
exists a constant 6 > 0 such that

(2.1) (Fle),pn) < =8(b—c)(c—a) fora<c<hb.
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This is essentially a strict entropy condition on ¢(z — kt). To check this, we note
that w(t,z) = p(z — kt) is in BV(R}T!) N L°(R7}*!) and is a weak solution of
(1.1). The entropy condition (E) on w is equivalent to (E’) which can be stated in
the form
(E") (A(c) — A(w™t),v) < (A(w™) — A(c),v) forwt <c<w™
H"-ae. in I'(w). (See §1.) Since v is in the same direction as ((—k,u),s) and
f(a) = f(b) =0, (E”) reduces to

(flc),n) <0 fora<c<b.

Thus (2.1) ensures that ¢(z — kt) is a traveling wave solution of (1.1).
We define

my = inf {m m < a and a3(m) = ,max (f(c) ”> < Bi(m) = Igi%a (fc(i) M)}
and
mq = sup {m:m > b and ag(m) = brsnas.x Uc(i)"f) < Ba(m) = bé‘lig“m Q:c(cf),bu_)} )

By (2.1) and the differentiability of f, m; and my are well defined with —oo <
m1 < a and b < mg < +0o. The initial data, ug, is called admissible if

(i) for some Ry > 0, ug(z) = p(z) for |z| > Ry, and

(ii) up € L>®(R™), my < ess inf ug, and mq > ess sup uo.

We first prove that if ug is admissible then for some ¢* < oo, we have a <
u(t,z) < b for t > t*. It will be convenient in the proof to assume (without loss of
generality) that f(a) = f(b) = 0 and hence k = 0. This is possible because if k # 0
we can make a change of variables,

(2.2) 1 =T — k‘t, t; =1t,

and set 4(ty,z1) = u(t,z). Equations (1.1), (1.2), and the entropy condition (E)

become .
04 /0ty + divy, f(a) =0, 4(0,z) = uo(z),

and

(E) div(s, 2,)S(d,c) <0 forallceR

where S(v, w) = sign(v — w) - [A(v) = fi(w)l and A(v) = (v, f(v)). Thus the effect
is to replace f by f which satisfies f(a) = f(b) =

THEOREM 2.3. If ug is admaissible, there exists t* < oo (defined below) such
that a < u(t,z) <b fort > t*.

PROOF. Let b’ = ess supug and a’ = ess inf ug. Define

t = {0 ifa’ > a,

2R1/[B1(a’) — a1(a”)] ifa’ <a,
t_{o if ¥ <b,
27 2R/ [Ba(¥) — 2 (V)] if B > b,

and let t* = max{ty,t2}.
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First we show that u < b for t > t*. We assume that ' > b because if not,
u < b for all time by the maximum principle. We also assume (w.l.o.g.) that
f(a) = f(b) = 0 and hence f = f.

Let a = as(b'), B = B2(V'), and consider the function defined by

b for (x,u) < Bt — Ry,
w(t,z) = Y for ft — Ry < (z,u) < at + Ry,
a for ot + Ry < (z,u),

when 0 <t <2R; /(8 — a);

_ b for (z,u) < 2Rya/(B — a) + Ry,
w(t,z) = {a for 2Rla/(5—la) +R < (x,,u;,

when t > 2R, /(8 — a).

We claim that w is a supersolution. Clearly w € BV (R} n LeRTT) N
C([0,00); LL,.(R™)) and since w is piecewise constant we need only verify (1.4.2)
on I'(w).

On the jump from w = b to w = b for t < 2R;/(B — ), we have v =
(B8, —w)/\/1+ B2. We need

(A(b) — A(c),v) >0 forb<c<V.

The left-hand side has the same sign as —(c—b)3+ (f(¢), u) and this is nonnegative
for b < ¢ < b by the definition of 3. On the jump from w = b’ to w = a, we take v
in the direction of (—a, ). It is required that (A(a) — A(c),v) > 0fora <c<¥.
This is equivalent to

alc—a) = {f(c),u) >0 fora<c<¥

which holds by (2.1) and the definition of « since o > (f(b), 1)/(b —a) = 0.

The entropy condition holds across the jump from w = b to w = a for t >
2R, /(B — @) since v = (0,u) and thus the entropy condition (E’) reduces to
(f(c),u) <0 for a <c<b By Remark 1.7, we have

/ max{0,w — u}(t,z) dz < / max{0,w — u}(0,z)dz =0
B,

Br+lt

for any t and r > 0 where | = [} 7| (maxX|y|<|p/|+]a’| | £} (w)])?] Y2 We conclude
that u < w for all ¢t and a.e. x € R™, and hence u < b for t > t* and a.e. z € R"™.
To show that u > a when t > t* involves the construction of a subsolution in a
similar way.

A consequence of Theorem 2.3 is the following result on the large-time behavior
of u.

THEOREM 2.4. Suppose ug ts admissible. There exists R3 > 0 and a set M C
R"™ such that if v(z) = b- xm(z) + a- Xrr-m(z), then

(i) u(t,z) — v(z — kt) — 0 in L}(R™) as t — oo,

(i) u(t,z) = v(z — kt) for t > 0 and |z — kt| > R3, and

(iii) MN{zx € R™:|z| > R3} = {z € R™: (z, u) < 0 and |z| > R3}.

To prove this, we will need the following lemma.



SOLUTIONS TO A SCALAR CONSERVATION LAW 409

LEMMA 2.5. Suppose ug 1s admissible. There exists Ry > Ry such that u(t, z)
=p(x —kt) ift >0 and |z — kt| > Rs.

PROOF. By the change of variables (2.2), it is sufficient to prove the lemma
assuming f(a) = f(b) =0, so that k =0 and f = f. Since ¢ is then a steady state
solution of (1.1) and ug = ¢ for |z| > Ry, it follows from estimate (1.3) that for
some rg > R,

u(t*,z) = p(z) for |z| > o
where t* is as defined in Theorem 2.3. We will show that in fact there exists vy > rg
such that
u(t,z) = p(z) fort>t*, |z| > ry.

To prove this we use the nondegeneracy condition, (2.1). It ensures that for some
small § > 0, (f(c),v) < 0for a < c <bandall v € R” such that A(u,v) < 6,
where A(u,v) is the angle between u and v that is not greater than m. Hence we
can construct open sets, M; and M, (with smooth boundaries) and choose r; > rg
such that

M C {z:{z,u) <0} C My,
B,-O = BTO(O) C My — M1,
M;n{z:|z| >} ={z: (z,u) <0and |z| >r} fori=1,2, and
(flc),v) <0 fora<c<b,
where v is any outward pointing normal to M; or M;. As a result the functions,

vi(z) = b- xm,(z) + a- xrn-m,(z), are steady state solutions of (1.1). Since
v1(z) < u(t*, z) < vo(z) for all z, we have

vi(z) < u(t,r) <wvg(z) forz € R”, t>t*.

We conclude that

u(t,z) = p(z) for |z|>r, t >t
By (1.3) the above equation holds when ¢t > 0 and [z| > Ry = ry +It* which proves
the conclusion of the lemma.

PROOF OF THEOREM 2.4. As before, we may assume that f(a) = f(b) =0
and hence k = 0.

Suppose ug € BV (R™). Consider up(t, ) = u(t,z+he;) forany ¢+ =1,...,n and
|h| < Ry, where {ej,...,e,} is the standard basis for R™. Since uj is a solution
of (1.1), we have from Vol’pert’s results (or Theorem 1.6) that div S(up,u) < 0.
Let R = 3- Ry with Ry as defined in Lemma 2.5 and Br = Bg(0). By applying
Green’s theorem in the cylinder, (0,t) X Bg, we obtain

/ |u(t,z + he;) — u(t, z)|dz < / [u(0, z + he;) — u(0, z)|dz
Br

/ /BBR <R’ [f(un) — f(u)] - sign(up — u))> g

By Lemma 2.5, f(up) = f(u) = 0 on dBp for any t. Hence the third term is zero

and 5
[l 2
BR BR

dr.

5—(0,2)

du
% (ta x) 6
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This and equation (1.1) imply that

/l/ I(Du)(s-i-t,x)ldzdsgc-/ [(Vzu)(0, z)|dz
—1JBg Br

for any t > 1, where D = (9/0t,8/0z1,...,08/0z,).
Now multiply equation (1.1) by (z, ) and integrate over the cylinder (¢*,7)x Bg.
We obtain

/B (T, 2) - u(0,2)] - (z, )z

[ vemdsa- [ (s ) e

The first term is bounded uniformly in T (by estimate (1.3)) and the last term is
zero. Since a < u < b for t > t*, we conclude using (2.1) that

/ooo /B |(u — a)(u — b)|dz dt < oo,

By Lemma 2.5, this can be restated as

/ |(u — a)(u — b)|dz dt < .
Rﬂ+1

+

From the above estimates (and Lemma 2.5) we see that for some sequence,
t; — +o0o, {u(s +t;,z)} converges in L. ((—1,1) x R™) to a function, v(s,z) €
BV ((-1,1) x R™). The L! bound on (u — a)(u — b) implies that (v —a)(v —b) =0
pointwise almost everywhere in (—1,1) x R™. Thus

v(s,z) =b-xm(s,z) +a-xrr-m(s,7)
with xp € BV((—1,1) x R™). On the other hand, div S(v,c) < 0 as a measure on

(—=1,1) x R™ for all ¢ € R. Hence v is a solution of (1.1) on (—1,1) x R™. (See [8,
§16].) Since f(a) = f(b) = 0, we have

0=0v/3s+div f(v) = 0v/ds on (—1,1) x R"™.

Thus xm(s,z) = xm().

Finally we show that u(t,z) — v(z) — 0 in L!(R") as t — co. By Lemma 2.5
it is sufficient to prove convergence in L!(Bg). This follows from estimate (1.3)
which implies that

/ lv(z) — u(t, z)|dz < / [v(z) — u(s + ¢t;,z)|dz
Br(0) Br
for t > s +t;. This proves (i) when ug € BV (R"); (ii) and (iii) follow from (i) and
Lemma 2.5 with R3 = R =3 - R».

For the case when ug & BV (R™) we can approximate ug by admissible functions,
u;, in BV (R™) such that u; — ug in L*(Bg,) and u,;(z) = ¢(z) for |z| > R;. By
Lemma 2.5 if u;(t, z) is the solution of (1.1) with initial values, u;(z), then

uj(t,z) = u(t,z) = p(z) for |z| > Rs.
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By estimate (1.3) it follows that

[ @ -n@le< [ ) - we)d
R3 Bry
where v;(z) = lim;—,o0 u;(t, z). Hence for some set M, xum, — xm — 0 in L*(R™)
and so
u(t,z) —b-xm(z) —a- xre-m(z) = 0

in L!(R™) as t — oo.

3. The n-dimensional case. We now get a more precise description of the set
M and the convergence of u to v(z — kt) in the special case

(3.1) n =d = dim span{f(c):a < z < b}.

THEOREM 3.2. There is a system of coordinates, (§,yn), obtained by a rotation
and a constant Cqy (both depending only on f) so that if ug s admaissible then
M = {(§,yn): yn < 9(§)}. The shock front, g, 1s Lipschitz continuous with Lipschitz
constant at most Cy.

PROOF. First assume up € BV(R™) and w.l.o.g. f(a) = f(b) = 0 so that
f = f. From the proof of Theorem 2.4, v(z) is a steady state solution of (1.1) and
v € BV(R™). Hence by (E') (f(c),v(z)) <0fora<c<band ¥" ! ae z €' (v)
where v(z) is the normal to I'(v) at z. Consider the convex set

0= {Zaif(ci):ai >0,a<¢<b m< oo} .
i=1
We have v(z) € (,cq{w € R™: (w, 2) < 0} for each such z € T'(v). From (3.1) the
interior of (2 is nonempty. Choose o € (1° with |a| =1 and § > 0 so that
E={zeR™ A(z,0) <6} C .
Then
v(z) € ﬂ {weR" (w,2) <0} ={weR" A(—a,w) < 7/2 - 6}.
z€E
It follows from the theory of sets with locally finite perimeter [3, Theorem 4.8] that

in a rotated system of coordinates (with e, = —a) there exists a function g(§) such
that M = {(4,yn): Yn < 9(§)} where v =b- xpr +a - xgrrn—m and
lg(91) — 9(92)| < tan(m/2 = 6) - [§1 — §2| = Co - |91 — Jal.

If up ¢ BV(R™) we take a sequence, {u;(0,z)}, of admissible data such that
u;(0,z) € BV(R™) and u;(0,z) — up(z) in L} (R") as 7 — oo. We have seen
that the corresponding steady state limits satisfy v; — v in L] (R") as 7 — oo.
From the above argument we have M; = {(§,yn):yn < 9;(9)} where the g; are
uniformly Lipschitz continuous and ‘

(£(e),(=Vg;(9),1)) <0 fora<c<b
and L™ ! ae. §. (Here it is understood that f(c) is expressed in the new co-
ordinates, (§,yn).) It follows that M = {(§,yn):yn < g(9)} for some Lipschitz
continuous g satisfying the same conditions.

The uniform bound on the Lipschitz constant of the shock front yields the fol-
lowing stability result.
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THEOREM 3.3. Let u1(0,z), uz(0,z) be admissible data and vi(z — kt),
vo(z—kt) be the asymptotic limits with g1, g2 the corresponding shock fronts. There
15 a constant C1(f) < oo so that

ll91 — g2llLoe(rn-1) < Ci (/
Br

PROOF. Assume that f(a) = f(b) = 0. In the coordinates (§,y,) we have M, =
{(%yn):yn < 9:(9)} and |Vg;| < Co for i = 1,2 where v; = b- xm, + @ XRr—M,-
As in the proof of Theorem 2.4, Green’s theorem implies that

(b—a)~/ lgl—gz|dy=/ vy = v3lda
Rn-1 BR3

< / 1 (0, 2) — (0, z)|d.
Br,

1/n
[ul(Oa 13) - u2(0’ x)[dz) .

1

But since |Vgi| and |Vgs| are a priori bounded, we conclude that if |g1(go) —
92(J0)| = 6 > 0 then [g1(§) — g2(§)| = 6/2 for § € Bs;ac,(fo). Thus

(191 = galle o))" < Co() - |

R

B lg1 — g2/dg.

REMARK 3.4. We will need to apply a version of this theorem when u;(0, z)
and u2(0, z) are admissible relative to shocks that differ by a small translation, i.e.
u1(0,z) = p(z) and u2(0,z) = p(z + nu) for |z| > R;. If we assume w.l.o.g. that
Co > 1 and take R4 = 5C¢ - max{R3, Con} then the same argument yields

llg1 — g2llee(mn-1) < C1 (/
Bp

DEFINITION 3.5. A function h(z) is ptecewise continuous iff there exists a finite
number of mutually disjoint domains, {D;}*_,, such that h|p, has a continuous

extension to D;|JdD; and L™ (R" - U:-°=1 D,~> =0.

We will prove that if ug is admissible, piecewise continuous, and dist(z — kt,0M )
> ¢ > 0, then u(t,z) = v(z — kt) after a finite time depending on £ and f. (See
Theorem 3.12.) It will be convenient to use the following notation.

DEFINITION 3.6. If

1/n
Jug (0, ) — u2(0, :c)|d:v) .

4

w(t, ) € C([0,00); Lioc (R™))
we denote by U(w)(t,z) (L(w)(t,z)) the upper (lower) Lebesgue limit in z:
U(w)(t,z) = im w(t,z)dz, L(w)(t,z)= lim w(t, 2)dz.
r=0/B,(z) r—0J B, (z)

Note that for each t > 0, U(w)(t, z) = L(w)(t,z) = w(t, z) for a.e. z.
The following lemma implies the uniform convergence of u(t,z) away from the
shock front.
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LEMMA 3.7. Suppose that ug 1s admissible, piecewise continuous, and g(§) s
the shock front for the asymptotic limit. Then given €, o > 0 there is a constant
T(e,0) < 0o so that in the coordinates (§,yn) for t > T we have

(1) a <u(t,y) < a+o for ae. y with yp, — knt > g(§ — kt) + ¢,

(2) b>u(t,y) > b—o0 for a.e. y with yn — knt < g(§ — kt) — €, where (k, ky) 1s
the representation of k = [f(b) — f(a)]/(b— a) in the coordinates, (§,yn).

PROOF. Assume f(a) = f(b) = 0 so that kK = 0. Note that from Lemma 2.3 the
first inequalities in (1) and (2) hold for t > ¢t*.

For any 6 € (0,1) we can find functions gs(z), ps(z) and a positive constant,
7(6) < 6, so that the following three properties hold. First,

ess inf ug < gs(z) < up(z + h) < ps(x) < ess supug

for any h € R™ with |h| < 7. Second, if ¢s(t,z) and ps(t,z) are the solutions
of (1.1) with initial values ps(z) and g¢s(z), we have g¢s(t,z) = p(z + 1) and
ps(t,z) = p(xz — 7u) for |z| > R, t > 0, where R is independent of §. Third,

/ (ps — g5)dz < 6.
Br

If (1) does not hold there exists a sequence of points (t™,y™) in the rotated
coordinates, y = (§,yn), with t™ — 0o and y™ — y° as m — oo so that
U)(t™ y™)>a+0o and y > g(g™) +e.
For 6 fixed and any § € B, /5(y°) it follows from Remark 1.7 that
u(t™,y+ h) <ps(t™,y) forae. y

where h = y™ — §, m is sufficiently large and ps(t,y) denotes the function ps(t, z)
expressed in the rotated spacial coordinates. Thus

U(u)(t™,y™) < Ulps)(t™, 7).
As a result,
3) a+0<pst™ ) forae §€ Br(y°)
if m is large. Let vs(z) be the asymptotic limit of ps(t, z),
vs(z) = b+ XM, () +a- xR M (2).

It follows from (3) and Theorem 2.4 that B, 2(y°) C M;s. Using gs(§) to denote
the shock front for vs we get € < |gs(§°) — g(9°)|. But from (3.4)

g — g5l () < c( /
Bpr

Since § can be chosen arbitrarily small this is a contradiction. The verification of
(2) is a similar argument using gs(z).

We shall improve on this estimate by using super and subsolutions. The con-
struction of the supersolution is done below in detail.

1/n
|uo(z) — ps (0, z)ldfv> <C-8'/m

4
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LEMMA 3.8. Let f(c) be expressed in the coordinates (§,yn) and suppose f(a) =
f(b) =0. Let g(§) be any Lipschitz continuous function so that for almost every g,

a9 (005G 5 g porages®t,

C —
((Vg,—l),f(c)) 20 fOTaSCSb.
Suppose n and 6 are positive constants. Define

b for yn < g(9) — 6 +nt,
w(t,§,yn) = { (a+b)/2 for g(9) — 6 +nt < yn < g(§) — mt,
a for g(§) — mt < yn,

when 0 <t <§/(m+n);

L b foryn <g(9) —mé/(m+n),
w(t,g,9n) = {a for yn > g(§) —mé/(

whent > 6/(m +n).
Then w 18 a supersolution of (1.1) provided n is sufficiently large depending only
on f and the Lipschitz constant of g.

PROOF. Since w is piecewise constant,

Ow +dive f(w) = (|[[(w*, f(w™)) = (W™, f(w))], (8, ¥)dH"|rw)-
We must verify that
([(w*, f(w™)) = (e, f(e)],v) 20 for w™ < e <w™
and ¥™ a.e. (t,y) € I'(w). The jump between the states b and (a+b)/2 is determined

by
0=yn—g(9)+6—nt

v=(-n-Vg,1)/vn?+|Vg|? + 1.
Thus we need to establish that

e[ (522) s v 2o etz

This is equivalent to

n2<[f<a;b) —f(c)],(—vg,1)>/<“;b—c)

which is valid for n sufficiently large. For the jump between (a + b)/2 and a we
have 0 = y,, — g(§) + mt, v = (m,—-Vg,1)/\/m? + [Vg|? + 1. We must verify that
m(a—c) — (f(c),(—Vg,1)) >0 fora<c<(a+b)/2.
This is equivalent to the first inequality of (3.9).
On the jump between b and a for t > §/(m-+n) the entropy condition is equivalent

to the second inequality of (3.9). This completes the proof.
The shock front ¢ satisfies

9(9) = (,§) for |g| > Rs

We have
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where (I, —1)/+/|l[? + 11is the representation of —u in the coordinates (4, y,). Hence

(fle),(l,=1)) > 08(c—a)b—c)V]I2+1 fora<c<b.

In general the first inequality of (3.9) does not hold. However, g can be uniformly
approximated from above and below by functions, g; . and g  respectively, where
95,(9) = 9(1 = €)) + (1, 9) — (—1)7 - ce
for0<e< %, 7 =1,2, and ¢ > 0 is sufficiently large (independent of ¢). We have
Vg5e(d) = (1—¢€)- Vg((1-¢)g) +el

so that
(£(c), (Vg5,e(9), 1))
(3.10) =(1=¢)(f(c), (Vg((1 = €)g), —1)) + &(f(c), (1, -1))
>eb/|l2+1-(c—a)(b—c) fora<c<b.
Thus supersolutions can be constructed with gy ..

Similarly one can construct subsolutions with g2 .. The inequalities analogous
to (3.9) which we require are

<(Vﬁb__l)‘;fﬂ2n>0 fora;bSCSb’

((Vg,~1),f(c)) 20 fora<c<b

These hold with g replaced by g2 and 7 sufficiently small by inequality (3.10).
Thus the formula of Lemma 3.8 defines a subsolution if m is sufficiently large.

We now improve on Lemma 3.7 in the sense that we show u(t,z) = v(z — kt)
outside of an arbitrarily small neighborhood of the shock front after finite time.

THEOREM 3.11. Let u(t,z) be a solution of (1.1) with ug(z) admissible and
piecewise continuous. Then in the coordinates (§,yn), given 6 > O there is a con-
stant T(6) < oo so that

(1) u(t,y) = a for a.e. y with y, — knt > g(§ — kt) +6, t > T,
(2) u(t,y) = b for a.e. y with yn — knt < g(§ — kt) — 6, t > T.

PROOF. Assume that f(a) = f(b) = 0. Suppose there is a sequence (t7,49)
with y9 — 30, #/ — 0o as j — oo such that U(u)(t,%’) > a and 38 > g(3°) + 6.
Suppose € < 6 and set

he(@) = 91,e(@) + 7 My ={(9,yn):yn < h:(9)}.
Define
7(t) = inf{r: {y: U(u)(t,y) > a} C M, }.
This is well defined for each ¢t > 0 by Theorem 2.4. Set v, =b-xpm, +a- XRr—M, -
By (3.10), v, is a steady state solution of (1.1). From Remark 1.7 and Theorem 2.3
we get v,(4)(y) > u(s,y) for s >t and a.e. y. Thus 7(t) is nonincreasing as t 1 co.

Set 7o = limy—.co 7(t). If € is sufficiently small y3 > hss/4(3°), so 0 > 36/4.
Hence h,, > g + 36/4. Choose T so large that 7(T) < €2 + 79; using Lemma 3.7,
assume T is large enough to ensure that

b 6
U)(ty) < 5= foryn 2 g(@) +5, t2T.
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We can use the supersolution from the previous lemma for ¢t > T with g replaced
by h,(T), 6 replaced by 6/4, m = ef(b — a)(\/|l|> + 1)/2 = c1¢, and

b for yn < hu(r)(3) — 5/4,
w(T,y) = { (@+8)/2 for heir)(§) = 6/4 < yn < heery (),
a for he(r)(3) < tn.

It follows that for t > T + 6/4(n + c1€) = T + c26, U(u)(t,y) = a on the set
{y:yn > he(1)(§) — c1c26e}. Thus 1o < 7(T) — c1c26e which implies that ¢;c26e <
2. This is a contradiction since ¢ can be taken arbitrarily small. The proof of (1)
is complete; (2) follows in a similar way using subsolutions.

An immediate consequence of this theorem is

THEOREM 3.12. Suppose ug 1s admissible, piecewise continuous, and k =
[f(b) — f(a)]/(b—a). Then for any € > 0 there is a constant T < 0o such that

u(t,z) =v(z — kt) for a.e. z € R",
when t > T, and dist(z — kt,0M) > ¢.

4. The lower dimensional case. We now analyze the situation when d < n.
By an appropriate rotation of the spacial coordinates we can assume that

f(e) = (hi(c), ..., hal(c),51(¢), -, In-dlc)),
dim span{h(c):a < ¢ < b} = d, and j(c) = 0 for a < ¢ < b, where
h(c) = h(c) ~ h(a) ~ (c ~ a)[A(b) ~ h(a)}/(b - a),
i(e) = 5(e) - j(a) — (c— a)[i(b) — 5(a))/(b - a).
Moreover the projection of 4 on R® is nonzero and if ' = Pga(u)/||Pra(p)|| we

have . .
(W', h(c)) < (u, f(c)) < —b(c—a)(b—c) fora<c<hbh.

We use the notation z = (2/,z"”) where 2/ € R? and z” € R"¢.

LEMMA 4.1. Suppose ug i3 admissible and k = (k', k") = [f(b) — f(a)]/(b— a).
Then for t > T (where T 1s such that a < u(t,z) < b for t > T) we have u(t,z) =
a(t,z’ — k't;z" — k'"t), where i(t,z';2") € C([T,00); LL (R?)) for L"~¢ a.e. z”
and 1s the solution of the Cauchy problem

(4.2) Ayw + divgh(w) =0 fort>T, 2’ € RY,

' w(T,z') = u(T, 2’ + k'T;z" + k"T).
Moreover for each such =", u(T,z' + k'T;z" + k"T) is admissible relative to a
nondegenerate shock of the form

ooy ) a for (z’ — 1:6(1:”),,1/) >0,
pla’sa") = {b for (z' — zp(2"), ') < 0.

PROOF. As in §2 we assume that f(a) = f(b) = 0 so that k(c) = h(c), j(c) =0
fora<c¢<b,and k = 0.

It suffices to prove the lemma in the region Qn = {(t,z): T <t < T+N, |z| < N}
for any N < co. From (1.3) we see that u is uniquely determined on Qy by u(T, z)
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with |z| < N(1+!). Thus without loss of generality we can assume that the solution
is redefined at time t = T for |z| > N(1+1!) so that u(T,z) = a for |z| > 2N(1+1).
To begin with suppose u(T,z) € C®(R") and h € C®°(R!;R%). For ¢ > 0 let

ve(t, z';2") be the solution to

Otve + divyrh(ve) = eApve fort > T and z € R™,

ve(T,2';2") = uw(T,z) for z € R™.
Thus we view z”’ as a parameter in the initial conditions. The theory of parabolic
equations implies that a unique solution exists with a < v, < b and

ve € C°([T,00) x R™).

From [8, §§17.2 and 18.1], we obtain the estimates

(a) / Vel (t, 5" )do!
R¢

(4.3)

< / |Vove|(T,z';2")dz’ for t > T, z" € R*¢,
Rd

(b) / / \Oyve(t, s ") da’ dit
T JRe
<c(T',1) / (IVerve|(T, 2’5 2") + | Agrve (T, 2’5 2"))dx’
Rd
for T <T' < oo and 2/ € R"%. As a result we get

(©) / IV o0 (t, 2)dz < [ Vove|(T,z)dz fort > T,
Rn Rn

(d) fT [R [uvel(t, z)d
<o, f (IVave|(T, 2) + €] Agrve| (T, 7)) d.
Rn

If we assume only that h € C([a,b]; R?) then by taking a sequence of smooth
functions, h;, converging to h in this space one finds that the corresponding solu-
tions, ve ;, together with V v, j converge uniformly in [T,T’] x R™. Also

sup |Ove ;| < C <0
[T, T']xR"
independent of j. Letting j — oo the limit, v, will be a solution of (4.3); the
integrands in (a)-(d) are all locally integrable functions and since the right-hand
sides of the four inequalities are independent of 7 they remain valid in the limit.

From (c) and (d) we see that a sequence €; | 0 can be chosen so that v, — w €
BV ((T,00) x R™) with convergence in L} ((T,00) x R™). We can further assume
that there is a-set, Z, of full £»~¢ measure so that

Ve, (t,2) = w(t,z’;2") in L ((T, ) x R%)
for 2 € Z. From (a) and (b) we see that w(t,z’;z") € BV ((T,00) x R9) for each
z"” € Z. Thus (as in §1) we can define

w(t,z';2") = lim w(r, z;2")dr dz, t>T, 2" €Z.
= JB.((tz"))
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From [8, §18], for each such z”, w(t,z’;z") is the solution to (4.2). By the same
argument as in [8, §18], w(¢, z) (the Lebesgue limit in R™*!) is the solution to (1.1)
with @(t,z) — u(T,z) as t | T in L] (R"™). We point out that w(¢,z';z") agrees
with w(t,z) as an element in C([T,o0); L} .(R™)). We point out that w(t,z’;z")
agrees with w(¢, z) as an element in C([T, 00); L, .(R™)). Thus the proof is complete
when u(T, z) € C*°(R").

For the general case consider a sequence of functions u;(T,z) € C*°(R™) with
a <uj <b, uj(T,z) = a for [z| > 2N(1+1), and u; — u in L} (R™). Using
equation (1.3) we see that {u,(t,2’;2")}, 7 =1,2,..., forms a Cauchy sequence in
C([T,T + NJ; LL,.(R™)), and that for a.e. z”” € R"~¢, the sequence is Cauchy in
C([T,T + N);LL.(R%)). For a subsequence, u;(t,z’;z") — u(t,z) for all t €
[T,T + N] and a.e. 2" € R"~9, pointwise almost everywhere in R®. This limit has
the required properties.

With this result and those from §§2 and 3 we have the following.

THEOREM 4.4. Letug(z) be admissible and let b-xp(z—kt)+a-xrn—m(z—kt)
be the asymptotic limit of u(t,z). Then for almost every zj € R"¢, M(zl)) =
{z': (z',z§]) € M} is a Lipschitz domain in R%. Moreover there is a rotation of
the x’ coordinates to y' = (§,yq) € R x R! and a function g(9,2") defined for
almost every x”, Lipschitz continuous in § (with Lipschitz constant independent of
z"), so that

M(:l}”) — {y/ c Rd:yd < g(g,xll)}.

LEMMA 4.5. Suppose ug(z) is admissible and piecewise continuous. Let @ be
as in Lemma 4.1 but with =’ replaced by the rotated coordinates, y' = (§,y4). Then
for almost every = € R™% and any § > 0 there is a constant T(6,z") < oo so
that

u(t,y';2") =a for a.e. y such that y, > g(9,2")+6, t > T,

a(t,y’;2") =b for a.e. y such that y, <g(§,z") -6, t >T.

PROOF. Assume that f(a) = f(b) = 0, so that k = 0 and u = 4. Consider
for each y = 1,2,..., q1/; and p;/; as defined in Lemma 3.7. For t > t*, using
Theorem 2.3,

a< QI/J(t’x) < pl/j(t,x) <b.
Now there exists a set Z of full L% measure so that for all j,
ql/,-(t*,a:',z") < u(t*,:c’ + h, 1:") < pl/j(t*,a:',z")
for £ a.e. 7', for each |h| < 7(1/7) and 2" € Z. By construction py/;(t*,z) —
q1/;(t*,z) — 0 as j — oo in L (R"). Hence for almost every z” € Z,
/ [Pl/j(t*, 1:/7 IL'//) - QI/j(t*a Il) xll)]dzl —0
|z'|<R

as J — oo for any R < oo. Using Lemma 4.1 we can argue as in Lemma 3.7 and
Theorem 3.11 for each such z” to obtain the conclusion of the lemma.

LEMMA 4.6. Let ug(z) be admissible and piecewise continuous. Then for all
€ > 0 and almost every 2" € R™? there is a constant, T(c,2"), such that if
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zl/ _ k//t — Z//
u(t, o', 2") = a(t, 2’ — k't; 2" — K"t)
=b- XM(z”-k“t)(xl —kt)+a- XRd—M(x”—k”t)(xl - k't)
for t > T and almost every =’ such that dist(z’ — k't,0M (2" — k"'t)) > «.
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